A mathematical model of leaching reactors using the population balance is presented. The model incorporates the material balances for the reactants and products, the population balance which describes the change in particle-size distribution, and the energy balance. The effects of the particle kinetics, the particle-size distribution, and the residence-time distribution are accounted for.
INTRODUCTION
One of the first unit operations in the hydrometallurgical processing of minerals is leaching, and a great deal of attention has focused on the determination of the kinetics of leaching reactions. The purpose of these investigations has been to determine the important parameters for the design, operation and optimisation of plant performance. In order to achieve this, it is necessary to incorporate these kinetic results into a model of the plant. However, in spite of the large number of kinetic studies, very little success has been achieved in modelling plant performance.
Bartlett [ 1 ] has presented models for continuous leaching in both tank and plug-flow reactors based on residence-time distributions. Implicit in his treatment is the assumption that the particle kinetics are linear (i.e., the rate of shrinkage is independent of concentration). A similar assumption was made by Ruether [2 ] .
The optimisation of reactor configurations for leaching was discussed by Henein and Biegler [ 3 ] . They considered both plug-flow and continuous stirred tank reactor (CSTR) reactors, and incorporated leaching kinetics of monosize particles. Papangelakis et al. [ 4 ] on the other hand considered the leaching of an arsenopyrite ore and, because the rate of reaction is controlled by the surface reaction, they were able to use an approach similar to that of Ruether [2 ] to model the CSTR reactor.
However, in order to model the leaching of particles of different sizes in a reactor where the reaction is controlled by product-layer diffusion film transfer, or by mixed control, it is necessary to solve the population balance equation to determine the outlet size distribution. Such an approach was adopted by Sepulveda and Herbst [ 5 ] . They solved the population balance equation for the various controlling mechanisms, and for various configurations of tank reactors.
The approach of using the population balance to determine the change in particle-size distribution during leaching is further examined here. The effects of different reaction mechanisms, various reaction orders, and particlesize distributions on the reactor performance are examined, particularly for the case where there is stoichiometrically sufficient reactant in the feed.
The population balance is then combined with the material and energy balances for a number of components in order to model the performance of the zinc pressure leaching reactor at Trail, B.C. The model developed is an a priori model, in the sense that the rate constants have all been determined independently, so that there are no adjustable parameters in the model. A sensitivity analysis for the various rate constants is also performed.
MODEL FOR LEACHING IN A CONTINUOUS STIRRED TANK REACTOR

Kinetics of leaching
The leaching of liberated mineral particles by a reactant in solution is a heterogeneous reaction that frequently results in the formation of solid reaction products which form on the unreacted core. This can be represented by the generalized reaction:
The kinetics ofleaching are often described by the unreacted shrinking-core model. This model envisages a boundary at the surface of the unreacted core that moves towards the centre of the particle and a layer of porous solid product that forms on the unreacted core as the reaction proceeds. The leaching reaction involves the mass transport of reactants to and products from the mineral surface, and involves the reaction at the unreacted surface. One or more of these steps may be rate-controlling.
For the purposes of modelling leaching reactors it is necessary to know the rate of shrinkage of the size of the unreacted core, and the time for complete conversion of the particles. The rate of shrinkage, R (I,L), of the size of the unreacted core, l, can be described by the shrinking-core model [6] and is given by Sepulveda and Herbst [ 5 ] as:
where: PA = the molar density of the mineral; ks = the surface reaction rate constant; Da = the effective diffusion coefficient ofthe reactant B in the porous product layer; Ca = the reactant concentration in the leaching reactor; L = the initial particle size; kr= the film transfer coefficient. The first term of the denominator on the right-hand side of eq. (2) describes the contribution to the rate of shrinkage of the unreacted core by the rate of the surface reaction, while the second and third terms of the denominator describe the diffusion of the reactants through the product layer, and through the film layer, respectively. If the first term of the denominator is larger than the others, the reaction is said to be controlled by the surface reaction, if the second dominates, the reaction is controlled by product-layer diffusion, and if the third dominates, the reaction is controlled by film transfer. Of course, any combination of these processes may also control the reaction, in which case the reaction is said to be under mixed-reaction control.
It is important to note that the rate of shrinkage is dependent on both the initial particle size and on the unreacted core size if the reaction is productlayer diffusion controlled or film transfer controlled. This means that the rate of shrinkage is not linear, and that in order to calculate the conversion correctly, the population balance for the system has to be solved.
The time required for a particle of original size L to dissolve to such an extent so as to have an unreacted-core of size l is given by [ 5 ] : p,, [,_._, ),.,_,31
Population balance model for a CSTR leach vessel
Leaching processes comprise a disperse phase, which contains a number of particles which have distributed properties, such a size, mineralogy, reactivity, chemical composition, etc. The number balance recognizes that these particles are countable entities, and, as such, their numbers are conserved.
If n(l,L)dldL represents the number of particles per unit volume of slurry, with unreacted core size in the range I to l+ dl and with total size in the range L to L +dL, then the number balance at st,~ad~-sm,,, in a well-mixed continuous stirred tank reactor (CSTR) can be derived from Randolph and Larson [7] :
where: Rj = the growth rate of the unreacted-core size; RL = the growth rate of the total particle size; Q= the volumetric flowrate of slurry to the reactor; V= the volume of the reactor. The subscripts o and 1 = the inlet and outlet conditions, respectively. If the particles retain their original size, then RL = 0, and if the volumetric flowrate of slurry through the reactor can be regarded as being constant, then (2o-Qt, and the population balance becomes:
with the boundary condition that R~nt-,0 as I--,oo. The population balance differential equation can be written in dimensionless form by using the following dimensionless variables:
QT(O,L) C~-CBo
where: L= the average particle size of the unreacted material; T(0,L) =the time for complete conversion of the average particle size; CRo = the reactant concentration in the inlet. The population balance can then be written as:
O(R?nT) R?nT n*o (6) with the boundary condition R'fnT ~0 where:
By definition, t~o + t~,LD + tla = I. The significance of these four parameters is that they express all the information on the kinetics of leaching in dimensionless form. t~o is the contribution to the time for complete dissolution of the average size particle in the feed due to external film diffusion, t~LD is that contribution due to product-layer diffusion, and tlR is that contribution due to surface reaction. The distribution of unreacted-core sizes is given by:
From the number density distribution given by eq. (9) the conversion can be calculated from:
Material balance for a CSTR leach vessel
If Vo represents the volume fraction of the unreacted mineral in the slurry being fed to the reactor, and if v~ represents the volume fraction of inert solids in the slurry, then the material balance for the reactant B is given by:
where:
The significance of (* is that, if the amount of reactant to the reactor is stoichiometrically exact, then ~ = 1, and CB is reduced to zero if the mineral is completely dissolved. If the reactant is in large excess, then (*~0, and the reactant concentration is unaffected by the extent of the mineral dissolution reaction.
If there is more than one reaction that takes place in the leach reactor, it may be easier to express the material balance for each component in terms of the extent of reaction. For J chemical reactions, the molar flow rate of component i leaving the reactor, F~, is given by: (13) 
F,,--F,o(I-X,)
Energy balance for a CSTR leach vessel
The energy balance for a steady-state adiabatic flow process is given by: tlo=[t, (14) where/:/o and/:/~ are the enthalpy content per unit time of the inlet and outlet streams, respectively, for this process. The enthalpy is given by:
where d/t~ and ~p; are the heat of formation at 298 K and the molar heat capacity for each of the components. Assuming the molar heat capacities are approximately constant between the temperatures of the inlet and outlet streams, and substituting eqs. (12) and (13) 
Model solution
The process parameters for the model are the slurry feed flowrate, Q, the reactor volume, V, the feed concentration, Cao, the solids concentration, Vo, the inlet size distribution of the mineral, and if an energy balance is required, the molar flow rates of the components in the feed. The kinetic parameters are the constants ks, DB and kr. If these parameters are known, then the expected outlet size distribution may be calculated from eqs. (7) and (9) and the conversion obtained from eq. ( l 0). The outlet reactant concentration is given by eq. ( l I ), and the operating temperature may be obtained from eq. (16) . These equations need to be solved simultaneously, and invariably an iterative procedure is involved. Equations (7), (9) and (10) are solved numerically, using trapezoidal integration with Richardson extrapolation.
MODEL RESU LTS
Single tank
Figures 1 and 2 illustrate the results for the model for an isothermal reactor for the limits of rate control by surface reaction (t~R = l ), by product-layer diffusion ( * = = IpLD 1 ), and film transfer (t~o 1 ). The feed distribution is the gamma distribution, which in dimensionless form is given by:
-r(q)
The dimensionless variance, o-* 2, of this distribution is equal to l/q. In the case where there is an excess of reactant (i.e., (* =0), there is little difference between the conversion obtained for a first-order surface reaction and for product-layer diffusion, except at very low dimensionless residence times. However, when the reactant concentration in the feed is stoichiometrically exact (i.e., ~* = 1 ), the difference between these two reaction mechanisms for the same dimensionless residence time becomes significant.
In both cases, when the reaction is controlled by film transfer, the model predicts a much lower conversion for the same dimensionless residence time than the other two mechanisms.
The effect of the reaction order on the conversion for the case where (* = I 
°;o
As expected, the reaction order, m, has a significant effect on the conversion for the same dimensionless residence time: the rate of shrinkage for a one-half order reaction would be less dependent on the diminished reactant concentration than that for a second-order reaction.
The influence of the spread of the feed size distribution is illustrated in Fig.  4 for the case of reaction control by product-layer diffusion where (* = I. At low dimensionless residence times the distribution with the highest variance, 0 *2 , will have the highest conversion due to higher proportion of fine material which dissolves more rapidly. At higher dimensionless residence time, the distribution with the highest variance will have the lowest conversion, due to a higher proportion of coarse material which dissolves more slowly. Similar results are obtained for an excess of reactant, and for the other rate control mechanisms. Figure 5 illustrates the conversion obtained for the co-current operation of equal size tanks in series. The dimensionless residence time is that for a single tank, so the total dimensionless residence time for N co-current tanks is given by N'r*. The zinc pressure leach plant at Trail, B.C., has been in operation since 1981 [ 8 ] . The four compartment autoclave has a working volume of 100 m 3, and the mean residence time at the design feed rate is about 100 min.
Co-current operation of tanks in series
The concentrate is fed as a slurry of between 68 and 70% solids ground to 98% less than 44/~m. The sphalerite concentrate from the Sullivan Mine has the following composition: 48.6% Zn, 5.7% Pb, I 1.6% Fe and 32% S. The solution to the autoclave contains 50 g/l Zn and 165 g/l H2SO4.
The autoclave is operated under a total pressure of 1300 kPa and the oxygen partial pressure is 750 kPa. Oxygen is supplied by spargers to the first three compartments, and each compartment is agitated very well. The feed acid has a temperature of 70°C and the heat of reaction raises the temperature in the reactor to the operating temperature of about 150°C. Plumbojarosite precipitates in the second, third and fourth compartments and contains 2% Zn [ 9 ] .
The reactions that occur in the autoclave are the leaching of sphalerite by ferric sulphate, the precipitation of plumbojarosite, the oxidation of ferrous sulphate to ferric sulphate by dissolved oxygen, the leaching of iron sulphide from the concentrate, and the dissolution of gaseous oxygen. These five reactions can be written as: 
Model description
Kinetics of reactions
The kinetics of the dissolution of iron-containing sphalerite concentrates in ferric sulphate and ferric chloride solutions have received a large amount of attention [ l 0-14 ]. The reaction mechanism is thought to be electrochemical in nature, and the iron content of the sphalerite increases the rate constant of the surface reaction linearly [ 13, 14 ] . Although there are no reported studies on the rate of reaction of the Sullivan concentrate, it is assumed that this concentrate will react at a similar rate to other concentrates with similar impurity levels of iron.
The concentrate from the Gamsberg Mine in South Africa contains 9.08% iron, while that of the Sullivan Mine contains 11.6% iron. The Gamsberg sphalerite concentrate has been studied extensively [ l l-13 ] at various ferric and ferrous sulphate concentrations and at temperatures between 60°C and 90 ° C. The kinetics of dissolution of this concentrate can be described by a surface reaction of order one-half (i.e., m= ½ ), with a rate constant of k's=6190 exp(-5533/T) (mol/ma) ~/2 m/rain and an effective diffusion coefficient for the diffusion of ferric ion in the product layer of Da= 5.46× l0 -7 exp(-2887/T) m2/min. The expression for the rate of reaction when the surface reaction is controlling has been linearised by minimising the integral of the sum of squared errors in the range of interest. In this case the linearisation has been performed in the region of 3-10 g/l Fe 3+, which results in a linear rate constant of ks= 542. 
In applying these kinetics it is assumed that the addition of a surface-active agent to the leach results in a porous product layer on the sphalerite surface, rather than a thick coating of molten sulphur. Further experimental work is recommended in order to test this assumption.
The precipitation of lead jarosite is assumed to be sufficiently rapid to be at equilibrium. The equilibrium constant can be estimated from the reactor outlet conditions. The outlet from the leach autoclave contains 5 g/l Fe and 30 g/l H.,SO4 [ 8 ] . Assuming that most of the iron is in the ferric state, and that the sulphate and lead concentrations remain constant, then the equilib-rium concentration quotient for the precipitation ofjarosite at 150°C is given by:
where the concentrations refer to the total concentration of that particular ion, that is the pseudo-equilibrium constant has been written so as to include the dissociation of the various ionic species in solution.
The kinetics of the oxidation of ferrous sulphate by oxygen has received a lot of attention. A recent report by Dreisinger and Peters [ 15 ] has clearly identified the factors affecting the rate of this reaction under zinc pressureleaching conditions. The rate of this reaction is second order with respect to the ferrous iron concentration, first order with respect to the oxygen concentration, and is affected by the copper concentration in solution. No data were provided by Martin and Jankola [ 8 ] on tbe copper present in the Sullivan concentrate. The Gamsberg concentrate contains 0.14% Cu, while another South African concentrate, that from Black Mountain, contains 0.54% Cu. Assuming that the Sullivan concentrate contains about the same amount of copper, it is not unreasonable to expect a copper concentration of about 5 mol/m 3 Cu, at which concentration, a rate constant of about 2.5 X 10 -3 m6/ (mol 2 min) at 150 °C could be expected. The activation energy for this reaction was measured by Verbaan and Crundwell [11] to be 68.8 kJ/molK, Therefore the rate of ferrous sulphate oxidation may be written as: The dissnlution of the FeS from the sphalerite concentrate is assumed to occur at the same rate as the spha!erite dissolution reaction. The rate of dissolution of the oxygen from the gaseous phase into the leaching solution is described by:
For a well-agitated system, k5 was assumed to be high, and a value of 20 min-~ was estimated from the results of Dreisinger and Peters [ 16 ] . It will be shown, however, the operation of the plant under normal operating conditions is insensitive to this parameter.
Process parameters
The molar flow rates of the feed were obtained from Martin and Jankola [8 ] . Dreisinger and Peters [ 16 ] provided data on the feed size distribution (on a mass basis). This distribution is described by a Rosin-Rammler distribution with a mean size of 22.76 × 10 -6 m, and a slope parameter of 1.563.
Population. material and energy balances
The material balances for each component and for each compartment were written in terms of the extent of reaction. The material balances for each component are given in Table 1 .
The conversion of reaction 1 was obtained by solving the population balance equation by numerical integration of eq. (7) and from that obtaining the conversion from eq. (10). The extent of reaction in a compartment is related to the conversion of sphalerite by:
~., =F, oXz,s (25) where Fro is the molar flow rate of ZnS in the inlet to a compart-'ent and X is the conversion achieved in that compartment. The extent of reaction 4 is related to the conversion of sphalerite by the molar ratio of FeS to ZnS in the concentrate. Therefore:
The extent of reaction 2 is obtained from eq. (19) and can be calculated from:
where Qsol is the volumetric flowrate of solution. The extent of reaction 3 can be calculated from the material balance for the ferrous ion species in solution.
The extent of reaction 3 can be evaluated from the equation:
The extent of reaction 5 may be calculated from the material balance for oxygen: Since the precipitated plumbojarosite contains about 2% Zn the conversion of zinc to solution is given by:
The operating temperature of the autoclave may be obtained from the energy balance. Since a temperature profile between the different compartments is not reported, it is assumed that, within the reactor, there is significant heat transfer between the compartments but that the reactor a-'Jhole is an adiabatic reactor. The adiabatic energy balance is given by:
where: Ftot = the total molar flowrate to the autoclave; T= the temperature within the reactor (equivalent in each compartment); -AHR! =the heat of reaction for reaction 1 (-29.8 kJ/mol); -zJHR3=the heat of reaction for reaction 3 ( -102 kJ/mol); -ZfHR4=the heat of reaction for reaction 4 ( -80.6 kJ/mol). The specific heat capacity, Cp is average value for the inlet and, since the molar flowrate is dominated by water, this is taken to be that of water.
The left-hand side of eq. (31 ) represents the rate of energy removal from the reactor, and will be denoted R (T). R (T) is a straight line as a function of the reactor temperature. The right-hand side of eq. (31 ) represents the rate of energy generation due to reaction, and will be denoted G (T).
Model solution
Equations (25)-(31 ) express the material balances for each of the components entering and leaving each compartment in the reactor and the overall energy balance. The rate processes for each of these reactions have been determined independently of this investigation and, therefore, this is an a priori model of the reactor, that is, there are no adjustable parameters in the model.
The solution of eq. (25) involves solving the population balance to obtain the conversion. Under the conditions of the Trail operation, it is expected that the dissolution mechanism is controlled by both surface reaction and product-layer diffusion, with product-layer diffusion dominating, that is, t~,LD = 0.78.
The extents for reactions 1-5 may then be obtained at a particular temperature from the conversion of the sphalerite particles, and the material balance and equilibrium equations represented by eqs. (25)-( 30 ).
Model results
Martin and Jankola [ 8 ] provided operating data for the leach autoclave at two different feed flow rates, and also noted that the autoclave could operate at up 200% above its design capacity. Figure 6 represents their data, and illustrates the prediction by the model for a temperature of 150°C for various flowrates of the feed slurry to the reactor on the reactor performance.
This figure indicates that the model is a good representation of plant data that are available. The model predicts a lower conversion than that obtained on the plant for the first two compartments, and a higher conversion than that obtained in the last two compartments. Clearly, further data need to be obtained in order to thoroughly test the model.
The solution of the energy balance, eq. (31), is illustrated in Fig. 7 . The model predicts an operating temperature of 140 ° C. The plant operates at between 145 ° C and 155 o C.
The details of the molar flow rates within the reactor are given in Table 2 . The discharge from the fourth compartment can be compared with that obtained in the plant. The model results are in good agreement with the plant data. It is interesting to note that the model predicts that there is no precipitation ofjarosite in the first compartment of the reactor, which is observed in practice. In addition, the model predicts that most of the consumption of oxygen (es) occurs in the first compartment of the reactor. Very little oxygen is consumed in the final compartment, and for this reason oxygen is not sparged IThis refers to the total plant consumption given by Martin and Jankola [ 8 ] .
into the last compartment. The actual and calculated conversions for plant operation at 105% of design capacity are given in Table 3 .
Although this is an a priori model, it is instructive to examine the effect of the kinetic parameters on the reactor performance. The kinetics of the leach reaction are incorporated in the time for complete conversion of the average particle size. Figure 8 shows that, as expected, this parameter has a strong influence on the reactor performance. The kinetics of the leaching reaction 'Martin and Jankola [8 ] . that have been used in the model have been extrapolated from data obtained at temperatures of between 60°C and 90°C. Since this is such an influential parameter, it is suggested that the kinetics of this reaction be examined in detail, especially in the high conversion ( > 95%) region which is applicable to the fourth compartment. The effect of the rate constant for the ferrous sulphate oxidation reaction is shown in Fig. 9 . This figure illustrates that at a rate constant greater than 0.5 X l0 -3 m6/(moF min) this parameter has very little influence on the reactor performance. Such low rate constants are not expected.
The effect of the rate constant for oxygen dissolution is illustrated in Fig.  10 , which shows that this parameter can have a strong influence on the reactor performance if it is below 5 min-~. This would mean that the compart- ments were very poorly agitated, which is not the case, or that the gas sparging into the contents of the compartment was very inefficient. Since this has such a strong influence on reactor performance and is relatively easy to rectify, it is unlikely that the reactor would be allowed to operate under these condi-tions. Therefore, the plant performance is insensitive to k5 under normal plant operating conditions.
CONCLUSIONS
The population balance has been used to describe the change in particle size distribution for the leaching of a mineral in a continuous stirred tank reactor. The effect of various operating parameters, such as the feed size distribution and the reactant concentration, and various kinetic parameters, such as the reaction order, and the reaction mechanism have been examined. This model has been applied to the modelling of the zinc pressure leach reactor at Trail, British Colombia, using independently determined kinetic parameters. The model and the plant data are in good agreement for conversion of sphalerite, for the consumption of oxygen and for the production of jarosite. In order to produce a model that is numerically more accurate, it is important to have a better understanding of the co-precipitation of zinc with the plumbojarosite, and to have experimental data for the kinetics ofleaching at the conditions of the reactor, especially in the very high conversion region. 
